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Abstract. In this paper we investigate the relations between semispray, non-
linear connection, dynamical covariant derivative and Jacobi endomorphism on
Lie algebroids. Using these geometric structures, we study the symmetries of
second order differential equations in the general framework of Lie algebroids.
MSC2010: 17B66, 34A26, 53C05, 70S10
Keywords: Lie algebroids, symmetries, semispray, nonlinear connection, dyna-
mical covariant derivative, Jacobi endomorphism.
1. Introduction
The geometry of second order differential equations (SODE) on the tangent
bundle TM of a differentiable manifold M is closely related to the geometry of
nonlinear connections [11, 18]. The system of SODE can by represented using
the notion of semispray, which together with the nonlinear connection induce two
important concepts: the dynamical covariant derivative and Jacobi endomorphism
[5, 6, 12, 19, 30, 43]. The notion of dynamical covariant derivative was introduced
for the first time in the case of tangent bundle by J. Carin˜ena and E. Mart´ınez
[7] as a derivation of degree 0 along the tangent bundle projection. The notion of
symmetry in fields theory using various geometric framework is intensely studied
(see for instance [1, 4, 6, 15, 22, 24, 40, 41, 42]). The notion of Lie algebroid is a
natural generalization of the tangent bundle and Lie algebra. In the last decades
the Lie algebroids [27, 28] are the objects of intensive studies with applications to
mechanical systems or optimal control [2, 10, 13, 23, 26, 31, 32, 33, 35, 36, 37,
38, 39, 45] and are the natural framework in which one can develop the theory of
differential equations, where the notion of symmetry plays a very important role.
In this paper we study some properties of semispray and generalize the notion of
symmetry for second order differential equations on Lie algebroids and characterize
its properties using the dynamical covariant derivative and Jacobi endomorphism.
The paper is organized as follows. In section two the preliminary geometric struc-
tures on Lie algebroids are introduced and some relations between them are given.
We present the Jacobi endomorphism on Lie algebroids and find the relation with
the curvature tensor of Ehresmann nonlinear connection. In section three we study
the dynamical covariant derivative on Lie algebroids. Using a semispray and an
arbitrary nonlinear connection, we introduce the dynamical covariant derivative
on Lie algebroids as a tensor derivation and prove that the compatibility condi-
tion with the tangent structure fixes the canonical nonlinear connection. In the
case of the canonical nonlinear connection induced by a semispray, more properties
of dynamical covariant derivative are added. In the case of homogeneous second
order differential equations (spray) the relation between the dynamical covariant
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derivative and Berwald linear connection is given. In the last section we study the
dynamical symmetries, Lie symmetries, Newtonoid sections and Cartan symme-
tries on Lie algebroids and find the relations between them. These structures are
studied for the first time on the tangent bundle by G. Prince in [40, 41]. Also, we
prove that an exact Cartan symmetry induces a conservation law and conversely,
which extends the work developed in [29]. Moreover, we find the invariant equa-
tions of dynamical symmetries, Lie symmetries and Newtonoid sections in terms of
dynamical covariant derivative and Jacobi endomorphism, which generalize some
results from [6, 40, 41]. We have to mention that the Noether type theorems for
Lagrangian systems on Lie algebroids can be found in [8, 31] and Jacobi sections
for second order differential equations on Lie algebroids are studied in [9]. Finally,
using an example from optimal control theory (driftless control affine systems), we
prove that the framework of Lie algebroids is more useful than the tangent bundle
in order to find the symmetries of the dynamics induced by a Lagrangian function.
Also, using the k-symplectic formalism on Lie algebroids developed in [25] one can
study the symmetries in this new framework, which generalize the results from [4].
2. Lie algebroids
Let M be a real, C∞-differentiable, n-dimensional manifold and (TM, piM ,M)
its tangent bundle. A Lie algebroid over a manifold M is a triple (E, [·, ·]E , σ),
where (E, pi,M) is a vector bundle of rank m over M, which satisfies the following
conditions:
a) C∞(M)-module of sections Γ(E) is equipped with a Lie algebra structure [·, ·]E .
b) σ : E → TM is a bundle map (called the anchor) which induces a Lie algebra
homomorphism (also denoted σ) from the Lie algebra of sections (Γ(E), [·, ·]E) to
the Lie algebra of vector fields (χ(M), [·, ·]) satisfying the Leibnitz rule
(1) [s1, fs2]E = f [s1, s2]E + (σ(s1)f)s2, ∀s1, s2 ∈ Γ(E), f ∈ C
∞(M).
From the above definition it results:
1◦ [·, ·]E is a R-bilinear operation,
2◦ [·, ·]E is skew-symmetric, i.e. [s1, s2]E = −[s2, s1]E , ∀s1, s2 ∈ Γ(E),
3◦ [·, ·]E verifies the Jacobi identity
[s1, [s2, s3]E ]E + [s2, [s3, s1]E ]E + [s3, [s1, s2]E ]E = 0,
and σ being a Lie algebra homomorphism, means that σ[s1, s2]E = [σ(s1), σ(s2)].
The existence of a Lie bracket on the space of sections of a Lie algebroid leads
to a calculus on its sections analogous to the usual Cartan calculus on differential
forms. If f is a function on M , then df(x) ∈ E∗x is given by 〈df(x), a〉 = σ(a)f , for
∀a ∈ Ex. For ω ∈
∧k(E∗) the exterior derivative dEω ∈ ∧k+1(E∗) is given by the
formula
dEω(s1, ..., sk+1) =
k+1∑
i=1
(−1)i+1σ(si)ω(s1, ...,
ˆ
si, ..., sk+1) +
+
∑
1≤i<j≤k+1
(−1)i+jω([si,sj ]E , s1, ...,
ˆ
si, ...,
ˆ
sj , ...sk+1),
where si ∈ Γ(E), i = 1, k + 1, and the hat over an argument means the absence of
the argument. It results that
(dE)2 = 0, dE(ω1 ∧ ω2) = d
Eω1 ∧ ω2 + (−1)
degω1ω1 ∧ d
Eω2.
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The cohomology associated with dE is called the Lie algebroid cohomology of E.
Also, for ξ ∈ Γ(E) one can define the Lie derivative with respect to ξ, given by
Lξ = iξ ◦dE+dE ◦ iξ, where iξ is the contraction with ξ. We recall that if L and K
are (1, 1)-type tensor field, Fro¨licher-Nijenhuis bracket [L,K] is the vector valued
2-form [14]
[L,K]E(X,Y ) = [LX,KY ]E + [KX,LY ]E + (LK +KL)[X,Y ]E −
−L[X,KY ]E −K[X,LY ]E − L[KX,Y ]E −K[LX, Y ]E ,
and the Nijenhuis tensor of L is given by
NL(X,Y ) =
1
2
[L,L]E = [LX,LY ]E + L
2[X,Y ]E − L[X,LY ]E − L[LX, Y ]E .
For a vector field in X (E) and a (1, 1)-type tensor field L on E the Fro¨licher-
Nijenhuis bracket [X,L]E = LXL is the (1, 1)-type tensor field on E given by
LXL = LX ◦ L− L ◦ LX ,
where LX is the usual Lie derivative. If we take the local coordinates (xi) on an
open U ⊂M , a local basis {sα} of the sections of the bundle pi−1(U)→ U generates
local coordinates (xi, yα) on E. The local functions σiα(x), L
γ
αβ(x) on M given by
(2) σ(sα) = σ
i
α
∂
∂xi
, [sα, sβ ]E = L
γ
αβsγ , i = 1, n, α, β, γ = 1,m,
are called the structure functions of the Lie algebroid, and satisfy the structure
equations on Lie algebroids∑
(α,β,γ)
(
σiα
∂Lδβγ
∂xi
+ LδαηL
η
βγ
)
= 0, σjα
∂σiβ
∂xj
− σjβ
∂σiα
∂xj
= σiγL
γ
αβ.
Locally, if f ∈ C∞(M) then dEf = ∂f
∂xi
σiαs
α, where {sα} is the dual basis of {sα}
and if θ ∈ Γ(E∗), θ = θαsα then
dEθ =
(
σiα
∂θβ
∂xi
−
1
2
θγL
γ
αβ
)
sα ∧ sβ.
Particularly, we get dExi = σiαs
α and dEsα = − 12L
α
βγs
β ∧ sγ .
2.1. The prolongation of a Lie algebroid over the vector bundle projec-
tion. Let (E, pi,M) be a vector bundle. For the projection pi : E → M we can
construct the prolongation of E (see [20, 23, 31]). The associated vector bundle is
(T E, pi2, E) where
T E = ∪
w∈E
TwE, TwE = {(ux, vw) ∈ Ex×TwE | σ(ux) = Twpi(vw), pi(w) = x ∈M},
and the projection pi2(ux, vw) = piE(vw) = w, where piE : TE → E is the tangent
projection. We also have the canonical projection pi1 : T E → E given by pi1(u, v) =
u. The projection onto the second factor σ1 : T E → TE, σ1(u, v) = v will be the
anchor of a new Lie algebroid over the manifold E. An element of T E is said to be
vertical if it is in the kernel of the projection pi1. We will denote (V T E, pi2|V TE , E)
the vertical bundle of (T E, pi2, E) and σ1 |V T E : V T E → V TE is an isomorphism.
If f ∈ C∞(M) we will denote by f c and fv the complete and vertical lift to E of f
defined by
f c(u) = σ(u)(f), fv(u) = f(pi(u)), u ∈ E.
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For s ∈ Γ(E) we can consider the vertical lift of s given by sv(u) = s(pi(u))vu, for
u ∈ E, where vu : Epi(u) → Tu(Epi(u)) is the canonical isomorphism. There exists a
unique vector field sc on E, the complete lift of s satisfying the following conditions:
i) sc is pi-projectable on σ(s),
ii) sc(
∧
α) = L̂sα,
for all α ∈ Γ(E∗), where
∧
α(u) = α(pi(u))(u), u ∈ E (see [16, 17]).
Considering the prolongation T E of E [31], we may introduce the vertical lift sv
and the complete lift sc of a section s ∈ Γ(E) as the sections of T E → E given by
sv(u) = (0, sv(u)), sc(u) = (s(pi(u)), sc(u)), u ∈ E.
Other two canonical objects on T E are the Euler section C and the tangent struc-
ture (vertical endomorphism) J . The Euler section C is the section of T E → E
defined by C(u) = (0, uvu), ∀u ∈ E. The vertical endomorphism is the section of
(T E) ⊕ (T E)∗ → E characterized by J(sv) = 0, J(sc) = sv, s ∈ Γ(E) which
satisfies
J2 = 0, ImJ = kerJ = V T E, [C, J ]T E = −J.
A section S of T E → E is called semispray (second order differential equation
-SODE ) on E if J(S) = C. The local basis of Γ(T E) is given by {Xα,Vα}, where
(3) Xα(u) =
(
sα(pi(u)), σ
i
α
∂
∂xi
∣∣∣∣
u
)
, Vα(u) =
(
0,
∂
∂yα
∣∣∣∣
u
)
,
and (∂/∂xi, ∂/∂yα) is the local basis on TE (see [31]). The structure functions of
T E are given by the following formulas
(4) σ1(Xα) = σ
i
α
∂
∂xi
, σ1(Vα) =
∂
∂yα
,
(5) [Xα,Xβ ]T E = L
γ
αβXγ , [Xα,Vβ]T E = 0, [Vα,Vβ]T E = 0.
The vertical lift of a section ρ = ραsα is ρ
v = ραVα. The coordinate expression of
Euler section is C = yαVα and the local expression of J is given by J = Xα ⊗ Vα,
where {Xα,Vα} denotes the corresponding dual basis of {Xα,Vα}. The Nijenhuis
tensor of the vertical endomorphism vanishes and it results that J is integrable.
The expression of the complete lift of a section ρ = ραsα is
(6) ρc = ραXα + (σ
i
ε
∂ρα
∂xi
− Lαβερ
β)yεVα.
In particular svα = Vα, s
c
α = Xα − L
β
αεy
εVβ . The local expression of the differential
of a function L on T E is dEL = σiα
∂L
∂xi
Xα + ∂L
∂yα
Vα and we have dExi = σiαX
α,
dEyα = Vα. The differential of sections of (T E)∗ is determined by
dEXα = −
1
2
LαβγX
β ∧ X γ , dEVα = 0.
In local coordinates a semispray has the expression
(7) S(x, y) = yαXα + S
α(x, y)Vα.
and the following equality holds
(8) J [S, JX ]TE = −JX, X ∈ Γ(E).
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The integral curves of σ1(S) satisfy the differential equations
dxi
dt
= σiα(x)y
α,
dyα
dt
= Sα(x, y).
If we have the relation [C,S]T E = S then S is called spray and the functions Sα
are homogeneous functions of degree 2 in yα. Let us consider a regular Lagrangian
L on E, that is the matrix
gαβ =
∂2L
∂yα∂yβ
,
has constant rank m. We have the Cartan 1-section θL =
∂L
∂yα
Xα and the Cartan
2-section ωL = d
EθL, which is a symplectic structure induced by L given by [31]
ωL = gαβV
β ∧ Xα +
1
2
(
σiα
∂2L
∂xi∂yβ
− σiβ
∂2L
∂xi∂yα
−
∂L
∂yε
Lεαβ
)
Xα ∧ X β .
Considering the energy function EL = C(L)− L, with local expression
EL = y
α ∂L
∂yα
− L,
then the symplectic equation
iSωL = −d
EEL,
determines the components of the canonical semispray [31]
(9) Sε = gεβ
(
σiβ
∂L
∂xi
− σiα
∂2L
∂xi∂yβ
yα − Lγβαy
α ∂L
∂yγ
)
,
where gαβg
βγ = δγα, which depends only on the regular Lagrangian and the structure
function of the Lie algebroid.
2.2. Nonlinear connections on Lie algebroids. A nonlinear connection is an
important tool in the geometry of systems of second order differential equations.
The system of SODE can by represented using the notion of semispray, which
together with a nonlinear connection induce two important concepts (the dynamical
covariant derivative and Jacobi endomorphism) which are used in order to find the
invariant equations of the symmetries of SODE.
Definition 1. A nonlinear connection on T E is an almost product structure N on
pi2 : T E → E (i.e. a bundle morphism N : T E → T E, such that N 2 = Id) smooth
on T E\{0} such that V T E = ker(Id+N ).
If N is a connection on T E then HT E = ker(Id−N ) is the horizontal subbundle
associated to N and T E = V T E ⊕ HT E. Each ρ ∈ Γ(T E) can be written as
ρ = ρh + ρv, where ρh, ρv are sections in the horizontal and respective vertical
subbundles. If ρh = 0, then ρ is called vertical and if ρv = 0, then ρ is called
horizontal. A connection N on T E induces two projectors h, v : T E → T E such
that h(ρ) = ρh and v(ρ) = ρv for every ρ ∈ Γ(T E). We have
h =
1
2
(Id+N ), v =
1
2
(Id−N ), ker h = Imv = V T E, Imh = ker v = HT E.
h2 = h, v2 = v, hv = vh = 0, h + v = Id, h− v = N .
Jh = J, hJ = 0, Jv = 0, vJ = J.
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Locally, a connection can be expressed as N (Xα) = Xα − 2N βαVβ, N (Vβ) = −Vβ,
where N βα = N
β
α (x, y) are the local coefficients of N . The sections
δα = h(Xα) = Xα −N
β
αVβ,
generate a basis of HT E. The frame {δα,Vα} is a local basis of T E called Berwald
basis. The dual adapted basis is {Xα, δVα} where δVα = Vα − Nαβ X
β . The Lie
brackets of the adapted basis {δα,Vα} are [36]
(10) [δα, δβ]T E = L
γ
αβδγ +R
γ
αβVγ , [δα,Vβ]T E =
∂N γα
∂yβ
Vγ , [Vα,Vβ ]T E = 0,
(11) Rγαβ = δβ(N
γ
α )− δα(N
γ
β ) + L
ε
αβN
γ
ε .
Definition 2. The curvature of the nonlinear connection N on T E is Ω = −Nh
where h is the horizontal projector and Nh is the Nijenhuis tensor of h.
In local coordinates we have
Ω = −
1
2
RγαβX
α ∧ X β ⊗ Vγ ,
where Rγαβ are given by (11) and represent the local coordinate functions of the
curvature tensor. The curvature of the nonlinear connection is an obstruction to
the integrability of HT E, understanding that a vanishing curvature entails that
horizontal sections are closed under the Lie algebroid bracket of T E. The horizontal
distribution HT E is integrable if and only if the curvature Ω of the nonlinear
connection vanishes. Also, from the Jacobi identity we obtain
[h,Ω]T E = 0.
Let us consider a semispray S and an arbitrary nonlinear connectionN with induced
(h, v) projectors. Then we set (see also [38]).
Definition 3. The vertically valued (1, 1)-type tensor field on Lie algebroid T E
given by
(12) Φ = −v ◦ LSv,
will be called the Jacobi endomorphism.
The Jacobi endomorphism Φ has been used in the study of Jacobi equations for
SODE on Lie algebroids in [9] and to express one of the Helmholtz conditions of
the inverse problem of the calculus of variations on Lie algebroids [38] (see also [3]).
We obtain
Φ = −v ◦ LSv = v ◦ LSh = v ◦ (LS ◦ h− h ◦ LS) = v ◦ LS ◦ h,
and in local coordinates the action of Lie derivative on the Berwald basis is given
by
(13) LSδβ =
(
Nαβ − L
α
βεy
ε
)
δα +R
γ
βVγ , LSVβ = −δβ −
(
Nαβ +
∂Sα
∂yβ
)
Vα.
The Jacobi endomorphism has the local form
(14) Φ = RαβVα⊗X
β , Rγβ = −σ
i
β
∂Sγ
∂xi
−S(N γβ )+N
α
β N
γ
α +N
α
β
∂Sγ
∂yα
+N γε L
ε
αβy
α.
Proposition 1. The following formula holds
(15) Φ = iSΩ + v ◦ LvSh.
SYMMETRIES OF SECOND ORDER DIFFERENTIAL EQUATIONS ON LIE ALGEBROIDS 7
Proof. Indeed, Φ(ρ) = v ◦ LShρ = v ◦ LhShρ + v ◦ LvShρ and Ω(S, ρ) =
v[hS, hρ]T E = v ◦ LhShρ, which yields Φ(ρ) = Ω(S, ρ) + v ◦ LvShρ. ⊓⊔
For a given semispray S on T E the Lie derivative LS defines a tensor derivation
on T E, but does not preserve some of the geometric structure as tangent structure
and nonlinear connection. Next, using a nonlinear connection, we introduce a tensor
derivation on T E, called the dynamical covariant derivative, that preserves some
other geometric structures.
3. Dynamical covariant derivative on Lie algebroids
In the following we will introduce the notion of dynamical covariant derivative on
Lie algebroids as a tensor derivation and study its properties. We will use the Jacobi
endomorphism and the dynamical covariant derivative in the study of symmetries
for SODE on Lie algebroids.
Definition 4. [38] A map ∇ : T(T E\{0}) → T(T E\{0}) is said to be a tensor
derivation on T E\{0} if the following conditions are satisfied:
i) ∇ is R-linear
ii) ∇ is type preserving, i.e. ∇(Trs(T E\{0}) ⊂ T
r
s(T E\{0}), for each (r, s) ∈ N×N.
iii) ∇ obeys the Leibnitz rule ∇(P ⊗ S) = ∇P ⊗ S + P ⊗∇S, for any tensors P, S
on T E\{0}.
iv) ∇ commutes with any contractions, where T••(T E\{0}) is the space of tensors
on T E\{0}.
For a semispray S and an arbitrary nonlinear connection N we consider the
R-linear map ∇ : Γ(T E\{0})→ Γ(T E\{0}) given by
(16) ∇ = h ◦ LS ◦ h + v ◦ LS ◦ v,
which will be called the dynamical covariant derivative induced by the semispray
S and the nonlinear connection N . By setting ∇f = S(f), for f ∈ C∞(E\{0})
using the Leibnitz rule and the requirement that ∇ commutes with any contraction,
we can extend the action of ∇ to arbitrary section on T E\{0}. For a section on
T E\{0} the dynamical covariant derivative is given by (∇ϕ)(ρ) = S(ϕ)(ρ)−ϕ(∇ρ).
For a (1, 1)-type tensor field T on T E\{0} the dynamical covariant derivative has
the form
(17) ∇T = ∇ ◦ T − T ◦ ∇.
and by direct computation using (17) we obtain
∇h = ∇v = 0.
which means that ∇ preserves the horizontal and vertical sections. Also, we get
∇Vβ = v[S,Vβ ]T E = −
(
Nαβ +
∂Sα
∂yβ
)
Vα, ∇δV
β =
(
N βα +
∂Sβ
∂yα
)
δVα,
∇δβ = h[S, δβ ]T E =
(
Nαβ − L
α
βεy
ε
)
δα, ∇X
β = −
(
N βα − L
β
αεy
ε
)
Xα.
The action of the dynamical covariant derivative on the horizontal section X = hX
is given by following relations
(18) ∇X = ∇ (Xαδα) = ∇X
αδα, ∇X
α = S(Xα) +
(
Nαβ + y
εLαεβ
)
Xβ.
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Proposition 2. The following results hold
(19) h ◦ LS ◦ J = −h, J ◦ LS ◦ v = −v,
(20) ∇J = LSJ +N , ∇J = −
(
∂Sβ
∂yα
− yεLβαε + 2N
β
α
)
Vβ ⊗X
α.
Proof. From (8) we get
J [S, JX ]T E = −JX ⇒ J ([S, JX ]TE +X) = 0⇒ [S, JX ]T E +X ∈ V T E,
h ([S, JX ]T E +X) = 0⇒ h[S, JX ]T E = −hX ⇔ h ◦ LS ◦ J = −h.
Also, in J [S, JX ]T E + JX = 0 considering JX = vZ it results J [S, vZ]T E =
−vZ ⇔ J ◦ LS ◦ v = −v. Next
∇ ◦ J = h ◦ LS ◦ h ◦ J + v ◦ LS ◦ v ◦ J = v ◦ LS ◦ J =
= (Id− h) ◦ LS ◦ J = LS ◦ J − h ◦ LS ◦ J = LS ◦ J + h.
But, on the other hand
J ◦ ∇ = J ◦ LS ◦ h = J ◦ LS ◦ (Id− v) = J ◦ LS − J ◦ LS ◦ v = J ◦ LS + v.
and we obtain
∇ ◦ J − J ◦ ∇ = LS ◦ J + h− J ◦ LS − v⇒ ∇J = LSJ + h− v = LSJ +N .
For the last relation, we have
∇J = ∇
(
X β ⊗ Vβ
)
= ∇X β ⊗ Vβ + X
β ⊗∇Vβ
= −
(
N βα − L
β
αεy
ε
)
Xα ⊗ Vβ + X
β ⊗
(
−Nαβ −
∂Sα
∂yβ
)
Vα
= −N βαX
α ⊗ Vβ + L
β
αεy
εXα ⊗ Vβ −N
α
β X
β ⊗ Vα −
∂Sα
∂yβ
X β ⊗ Vα
=
(
Lβαεy
ε −
∂Sβ
∂yα
− 2N βα
)
Xα ⊗ Vβ .
⊓⊔.
The above proposition leads to the following result:
Theorem 1. For a semispray S, an arbitrary nonlinear connection N and ∇ the
dynamical covariant derivative induced by S and N , the following conditions are
equivalent:
i) ∇J = 0,
ii) LSJ +N = 0,
iii) N βα =
1
2
(
−∂S
β
∂yα
+ yεLβαε
)
.
Proof. The proof follows from the relations (20). ⊓⊔
This theorem shows that the compatibility condition ∇J = 0 of the dynamical
covariant derivative with the tangent structure determines the nonlinear connection
N = −LSJ . For the particular case of tangent bundle we obtain the results from
[6]. In the following we deal with this nonlinear connection induced by semispray.
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3.1. The canonical nonlinear connection induced by a semispray. A semis-
pray S, together with the condition ∇J = 0, determines the canonical nonlinear
connection N = −LSJ with local coefficients
N βα =
1
2
(
−
∂Sβ
∂yα
+ yεLβαε
)
.
In this case the following equations hold
[S,Vβ ]T E = −δβ +
(
Nαβ − L
α
βεy
ε
)
Vα,
[S, δβ ]T E =
(
Nαβ − L
α
βεy
ε
)
δα +R
α
βVα,
where
(21) Rαβ = −σ
i
β
∂Sα
∂xi
− S(Nαβ )−N
α
γ N
γ
β + (L
γ
εβN
α
γ + L
α
γεN
γ
β )y
ε.
are the local coefficients of the Jacobi endomorphism.
Proposition 3. If S is a spray, then the Jacobi endomorphism is the contraction
with S of curvature of the nonlinear connection
Φ = iSΩ.
Proof. If S is a spray, then the coefficients Sα are 2-homogeneous with respect
to the variables yβ and it results
2Sα =
∂Sα
∂yβ
yβ = −2Nαβ y
β + Lαβγy
βyγ = −2Nαβ y
β .
S = hS = yαδα, vS = 0, N
α
β =
∂Nαε
∂yβ
yε + Lαβεy
ε,
which together with (15) yields Φ = iSΩ. Locally, we get Rαβ = R
α
εβy
ε and repre-
sents the local relation between the Jacobi endomorphism and the curvature of the
nonlinear connection. Also, we have Φ(S) = 0. ⊓⊔
Next, we introduce the almost complex structure in order to find the decomposition
formula for the dynamical covariant derivative.
Definition 5. The almost complex structure is given by the formula
F = h ◦ LSh− J.
We have to show that F2 = −Id. Indeed, from the relation LSh = LS ◦h−h◦LS
we obtain F = h ◦LS ◦h−h ◦LS −J = h ◦LS ◦ (h− Id)− J = −h ◦LS ◦ v−J and
F
2 = (−h ◦ LS ◦ v − J) ◦ (−h ◦ LS ◦ v − J) = h ◦LS ◦ v ◦h ◦LS ◦ v+h ◦LS ◦ v ◦J+
+J ◦ h ◦ LS ◦ v + J2 = h ◦ LS ◦ J + J ◦ LS ◦ v = −h− v = −Id.
Proposition 4. The following results hold
F ◦ J = h, J ◦ F = v, v ◦ F = F ◦ h = −J,
h ◦ F = F ◦ v = F+ J, N ◦ F = F+ 2J, Φ = LSh− F− J.
Proof. Using the relations (19) we obtain
F ◦ J = (−h ◦ LS ◦ v− J) ◦ J = −h ◦ LS ◦ v ◦ J − J2 = −h ◦ LS ◦ J = h,
J ◦ F = −J ◦ (h ◦ LS ◦ v + J) = −J ◦ h ◦ LS ◦ v− J2 = −J ◦ LS ◦ v = v,
v◦F = v◦(h ◦ LSh− J) = −v◦J = −J , F◦h = (−h ◦ LS ◦ v − J)◦h = −J◦h = −J,
h ◦ F = h ◦ (h ◦ LSh− J) = h ◦ LSh = F + J , F ◦ v = (−h ◦ LS ◦ v− J) ◦ v =
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−h ◦ LS ◦ v = F+ J . In the same way, the other relations can be proved. ⊓⊔
In local coordinates we have
F = −Vα ⊗X
α + δα ⊗ δV
α.
For a semispray S and the associated nonlinear connection we consider the R-linear
map ∇0 : Γ(T E\{0})→ Γ(T E\{0}) given by
∇0ρ = h[S, hρ]T E + v[S, vρ]T E , ∀ρ ∈ Γ(T E\{0}).
It results that
∇0(fρ) = S(f)ρ+ f∇0ρ, ∀f ∈ C
∞(E), ρ ∈ Γ(T E\{0}).
Any tensor derivation on T E\{0} is completely determined by its actions on smooth
functions and sections on T E\{0} (see [44] generalizedWillmore’s theorem). There-
fore, there exists a unique tensor derivation ∇ on T E\{0} such that
∇ |C∞(E)= S, ∇ |Γ(T E\{0})= ∇0.
We will call the tensor derivation ∇, the dynamical covariant derivative induced by
the semispray S (see [5] for the tangent bundle case).
Proposition 5. The dynamical covariant derivative has the following decomposi-
tion
(22) ∇ = LS + F+ J − Φ.
Proof. Using the formula (16) and the expressions of F and Φ we obtain
∇ = h ◦ LS ◦ h + v ◦ LS ◦ v =
= h ◦ (LSh + h ◦ LS) + v ◦ (LSv + v ◦ LS) =
= h ◦ LSh + v ◦ LSv + (h + v) ◦ LS = LS + h ◦ LSh + v ◦ LSv =
= LS + F+ J − Φ.
In this case the dynamical covariant derivative is characterized by the following
formulas
∇Vβ = v[S,Vβ ]T E =
(
Nαβ − L
α
βεy
ε
)
Vα = −
1
2
(
∂Sα
∂yβ
+ Lαβεy
ε
)
Vα,
∇δβ = h[S, δβ ]T E =
(
Nαβ − L
α
βεy
ε
)
δα = −
1
2
(
∂Sα
∂yβ
+ Lαβεy
ε
)
δα.
The next result shows that ∇ acts identically on both vertical and horizontal distri-
bution, that is enough to find the action of ∇ on either one of the two distributions.
Proposition 6. The dynamical covariant derivative induced by the semispray S is
compatible with J and F, that is
∇J = 0, ∇F = 0.
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Proof. ∇J = 0 follows from (20). Using the formula F = −h ◦ LS ◦ v − J and
∇F = ∇ ◦ F− F ◦ ∇ we obtain
∇F = (h ◦ LS ◦ h + v ◦ LS ◦ v) ◦ (−h ◦ LS ◦ v)− (−h ◦ LS ◦ v) ◦ (h ◦ LS ◦ h + v ◦ LS ◦ v) =
= −h ◦ LS ◦ h ◦ LS ◦ v + h ◦ LS ◦ v ◦ LS ◦ v =
= h ◦ LS ◦ (v − h) ◦ LS ◦ v = h ◦ LS ◦ LSJ ◦ LS ◦ v =
= h ◦ LS ◦ (LS ◦ J − J ◦ LS) ◦ LS ◦ v =
= h ◦ LS ◦ LS ◦ (J ◦ LS ◦ v)− (h ◦ LS ◦ J) ◦ LS ◦ LS ◦ v =
= −h ◦ LS ◦ LS ◦ v + h ◦ LS ◦ LS ◦ v = 0.
⊓⊔
The next proposition proves that in the case of spray ∇ has more properties.
Proposition 7. If the dynamical covariant derivative is induced by a spray S then
∇S = 0, ∇C = 0.
Proof. Indeed, if S is a spray then we have S = hS and vS = 0 and it results
∇S = h ◦LS ◦hS+v ◦LS ◦ vS = h ◦LS ◦S = 0. Also ∇C = 0 follows from hC = 0,
vC = C and [C,S]T E = S. ⊓⊔
Next, we introduce the Berwald linear connection induced by a nonlinear connection
and prove that in the case of homogeneous second order differential equations it
coincides with the dynamical covariant derivative. The Berwald linear connection
is given by
D : Γ(T E\{0})× Γ(T E\{0})→ Γ(T E\{0})
DXY = v[hX, vY ]T E + h[vX, hY ]T E + J [vX, (F+ J)Y ]T E + (F+ J)[hX, JY ]T E .
Proposition 8. The Berwald linear connection has the following properties
Dh = 0, Dv = 0, DJ = 0, DF = 0.
Proof. Using the properties of the vertical and horizontal projectors we obtain
DXvY = v[hX, vY ]T E + J [vX, (F+ J)Y ]T E and
v(DXY ) = v[hX, vY ]T E + J [vX, (F+ J)Y ]T E which yields Dv = 0. Also,
DXhY = h[vX, hY ]T E + (F + J)[hX, JY ]T E = h(DXY ) and it results Dh = 0.
Moreover,
DXJY = v[hX, JY ]T E+J [vX, hY ]T E and J(DXY ) = J [vX, hY ]T E+v[hX, JY ]T E
and we obtain DJ = 0. From
DXFY = v[hX,−JY ]T E+h[vX, (F+J)Y ]T E+J [vX,−hY ]T E+(F+J)[hX, vY ]T E
and
F(DXY ) = (F+J)[hX, vY ]T E−J [vX, hY ]T E+h[vX, (F+J)Y ]T E−v[hX, JY ]T E =
DXFY we get DF = 0. ⊓⊔
It results that the Berwald connection preserves both horizontal and vertical sec-
tions. Moreover, D has the same action on horizontal and vertical distributions and
locally we have the following formulas
Dδαδβ =
∂N γα
∂yβ
δγ , DδαVβ =
∂N γα
∂yβ
Vγ , DVαδβ = 0, DVαVβ = 0.
We can see that the dynamical covariant derivative has the same properties and
this leads to the next result.
Proposition 9. If S is a spray then the following equality holds
∇ = DS .
12 LIVIU POPESCU
Proof. If S is a spray then S = hS and vS = 0 which implies
DSY = v[S, vY ]T E + (F+ J)[S, JY ]T E .
But ∇Y = h[S, hY ]T E + v[S, vY ]T E and we will prove that h[S, hY ]T E = (F +
J)[S, JY ]T E using the computation in local coordinates. Let us consider Y =
Xα(x, y)Xα + Y β(x, y)Vβ and using (10) we get
[S, hY ]T E = [y
αδα, X
βδβ ]T E = y
αXβRεαβVε+y
αXβLεαβδε+y
αδα(X
β)δβ+X
βNαβ δα,
h[S, hY ]T E =
(
yαδα(X
β) +XαNβα + y
αXεLβαε
)
δβ .
Next
[S, JY ]T E = [y
αδα, X
βVβ]T E = y
αXβ
∂Nεα
∂yβ
Vε + y
αδα(X
β)Vβ −X
βδβ.
Also, we have
yαXβ
∂Nεα
∂yβ
= N εβX
β − Lεβαy
αXβ,
and using the relations (F + J)(Vα) = δα, (F + J)(δα) = 0 we obtain the result
which ends the proof. ⊓⊔
Moreover, ∇S = DSS = 0 and it results that the integral curves of the spray are
geodesics of the Berwald linear connection.
4. Symmetries for semispray
In this section we study the symmetries of SODE on Lie algebroids and prove that
the canonical nonlinear connection can be determined by these symmetries. We find
the relations between dynamical symmetries, Lie symmetries, Newtonoid sections,
Cartan symmetries and conservation laws, and show when one of them will imply
the others. Also, we obtain the invariant equations of these symmetries, using the
dynamical covariant derivative and Jacobi endomorphism. In the particular case of
the tangent bundle some results from [6, 29, 40, 41] are obtained.
Definition 6. A section X ∈ Γ(T E\{0}) is a dynamical symmetry of semispray
S if [S, X ]T E = 0.
In local coordinates for X = Xα(x, y)Xα + Y α(x, y)Vα we obtain
[S, X ]T E =
(
yαLβαγX
γ − Y β + S(Xβ)
)
Xβ +
(
S(Y β)−X(Sβ)
)
Vβ ,
and it results that the dynamical symmetry is characterized by the equations
(23) Y α = S(Xα) + yεLαεβX
β,
(24) S(Y α)−X(Sα) = 0.
Introducing (23) into (24) we obtain
S2(Xα)−X(Sα) =
(
σiγ
∂Lαεβ
∂xi
Xβ + Lαεβσ
i
γ
∂Xβ
∂xi
)
yγyε+Sγ
(
LαγβX
β + yεLαεβ
∂Xβ
∂yγ
)
.
Definition 7. A section X˜ = X˜α(x, y)sα on E\{0} is a Lie symmetry of a semis-
pray if its complete lift X˜c is a dynamical symmetry, that is [S, X˜c]T E = 0.
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Proposition 10. The local expression of a Lie symmetry is given by
Sα
∂X˜β
∂yα
= 0,
SαX˜β|α+y
αyεσiα
∂X˜β|ε
∂xi
−X˜ασiα
∂Sβ
∂xi
−yεX˜α|ε
∂Sβ
∂yα
+Sαyε
(
σiε
∂2X˜β
∂yα∂xi
− Lβγε
∂X˜γ
∂yα
)
= 0.
where
X˜α|ε := σ
i
ε
∂X˜α
∂xi
− LαβεX˜
β,
Proof. Considering X˜c = X˜αXα + yεX˜α|εVα and using (1) we obtain
[S, X˜c]T E =
(
X˜αyεLβεα + y
ασiα
∂X˜β
∂xi
− yεX˜β|ε + S
α ∂X˜
β
∂yα
)
Xβ+
(
yαyεσiα
∂X˜β|ε
∂xi
− X˜ασiα
∂Sβ
∂xi
+ SαX˜β|α − y
εX˜α|ε
∂Sβ
∂yα
+ Sαyε
(
σiε
∂2X˜β
∂yα∂xi
− Lβγε
∂X˜γ
∂yα
))
Vβ .
We deduce that X˜αyεLβεα+y
ασiα
∂X˜β
∂xi
−yεX˜β|ε = 0 and it results the local expression
of a Lie symmetry. ⊓⊔
We have to remark that a section X˜ = X˜α(x)sα on E\{0} is a Lie symmetry if and
only if (see also [34])
yαyεσiα
∂X˜β|ε
∂xi
− X˜ασiα
∂Sβ
∂xi
+ SαX˜β|α − y
εX˜α|ε
∂Sβ
∂yα
= 0.
and it results, by direct computation, that the components X˜α(x) satisfy the equa-
tions (23), (24).
Definition 8. A section X ∈ Γ(T E\{0} is called Newtonoid if J [S, X ]T E = 0.
In local coordinates we obtain
J [S, X ]T E =
(
S(Xα)− Y α + yεLαεβX
β
)
Vα,
which yields
(25) Y α = S(Xα) + yεLαεβX
β, X = XαXα +
(
S(Xα) + yεLαεβX
β
)
Vα.
We remark that a section X ∈ Γ(T E\{0} is a dynamical symmetry if and only if
it is a Newtonoid and satisfies the equation (24). The set of Newtonoid sections
denoted XS is given by
XS = Ker(J ◦ LS) = Im(Id+ J ◦ LS).
In the following we will use the dynamical covariant derivative in order to find
the invariant equations of Newtonoid sections and dynamical symmetries on Lie
algebroids. Let S be a semispray, N an arbitrary nonlinear connection and ∇ the
induced dynamical covariant derivative. We set:
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Proposition 11. A section X ∈ Γ(T E\{0}) is a Newtonoid if and only if
(26) v(X) = J(∇X),
which locally yields
X = Xαδα +∇X
αVα,
with ∇Xα given by formula (18).
Proof. We know that J ◦ ∇ = J ◦ LS + v and it results J [S, X ]TE = 0 if and
only if v(X) = J(∇X). In local coordinates we obtain
X = Xα
(
δα +N
β
αVβ
)
+
(
S(Xα) + yεLαεβX
β
)
Vα
= Xαδα +
(
S(Xα) +Xβ(Nαβ + y
εLαεβ
)
Vα
= Xαδα +∇X
αVα.
⊓⊔
Proposition 12. A section X ∈ Γ(T E\{0}) is a dynamical symmetry if and only
if X is a Newtonoid and
(27) ∇(J∇X) + Φ(X) = 0.
Proof. If X is a dynamical symmetry then h[S, X ]T E = v[S, X ]TE = 0 and
composing by J we get J [S, X ]T E = 0 that means X is a Newtonoid. Therefore,
v[S, X ]TE = v[S, vX ]TE + v[S, hX ]T E = ∇(vX) + Φ(X) and using (26) we get
∇(J∇X) + Φ(X) = 0. ⊓⊔
For f ∈ C∞(E) and X ∈ Γ(T E\{0}) we define the product
f ∗X = (Id+ J ◦ LS)(fX) = fX + fJ [S, X ]TE + S(f)JX,
and remark that a section X ∈ Γ(T E\{0}) is a Newtonoid if and only if
X = Xα(x, y) ∗ Xα.
If X ∈ XS then
f ∗X = fX + S(f)JX.
The next result proves that the canonical nonlinear connection can by determined
by symmetry.
Proposition 13. Let us consider a semispray S, an arbitrary nonlinear connection
N and ∇ the dynamical covariant derivative. The following conditions are equiva-
lent:
i) ∇ restricts to ∇ : XS → XS satisfies the Leibnitz rule with respect to the ∗ pro-
duct.
ii) ∇J = 0,
iii) LSJ +N = 0,
iv) N βα =
1
2
(
−∂S
β
∂yα
+ yεLβαε
)
.
Proof. For ii)⇒ i) we consider X ∈ XS and using (26) we have vX = J(∇X)
which leads to ∇(vX) = ∇(J∇X). It results (∇v)X + v(∇X) = (∇J)(∇X) +
J∇(∇X) and using the relations∇v = 0 and ∇J = 0 we obtain v(∇X) = J∇(∇X)
which implies ∇X ∈ XS . For X ∈ XS we have
∇ (f ∗X) = ∇(fX + S(f)JX) = S(f)X + f∇X + S2(f)JX + S(f)∇(JX),
∇f ∗X + f ∗ ∇X = S(f)X + S2(f)JX + f∇X + S(f)J(∇X).
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But ∇(JX) = (∇J)X + J(∇X) and from ∇J = 0 we obtain ∇(JX) = J(∇X)
which leads to ∇ (f ∗X) = ∇f ∗X + f ∗ ∇X .
For i) ⇒ ii) we consider the set XS ∪ Γv(T E\{0}) which is a set of generators
for Γ(T E\{0}). We have ∇J(X) = 0 for X ∈ Γv(T E\{0}) and for X ∈ XS using
∇ (f ∗X) = ∇f ∗X + f ∗∇X it results S(f)∇(JX) = S(f)J(∇X), which implies
S(f)(∇J)X = 0, for an arbitrary function f ∈ C∞(E\{0}). Therefore, ∇J = 0 on
XS which ends the proof. The equivalence of the conditions ii), iii), iv) have been
proved in the Theorem 1. ⊓⊔
Next, we consider the dynamical covariant derivative∇ induced by the semispray
S, the canonical nonlinear connection N = −LSJ and find the invariant equations
of dynamical and Lie symmetries.
Proposition 14. A section X ∈ Γ(T E\{0} is a dynamical symmetry if and only
if X is a Newtonoid and
(28) ∇2JX +Φ(X) = 0,
which locally yields
∇2Xα +RαβX
β = 0.
Proof. From (20) it results ∇J = 0 and using (27) and (17) we get (28). Next,
using (25) and (14) the local components of the vertical section ∇2JX + Φ(X) is
∇2Xα +RαβX
β. ⊓⊔
Proposition 15. A section X˜ ∈ Γ(E\{0}) is a Lie symmetry of S if and only if
(29) ∇2X˜v +Φ(X˜c) = 0
Proof. Using (28) and the relation J(X˜c) = X˜v we obtain (29). ⊓⊔
Let us consider in the following a regular Lagrangian L on E, the Cartan 1-
section θL, the symplectic structure ωL = d
EθL, the energy function EL and the
induced canonical semispray S with the components given by the relation (9).
Proposition 16. If X˜ is a section on E such that L
X˜c
θL is closed and d
E(X˜cEL) =
0, then X˜ is a Lie symmetry of the canonical semispray S induced by L.
Proof. We have
i[X˜c,S]ωL = LX˜c(iSωL)− iS(LX˜cωL) = −LX˜cd
EEL − iS(LX˜cd
EθL)
= −dEL
X˜c
EL − iSd
E(L
X˜c
θL) = −d
E(X˜cEL)− iSd
E(L
X˜c
θL) = 0.
But ωL is a symplectic structure (L is regular) and we get [X˜
c,S] = 0 which ends
the proof. ⊓⊔
Definition 9. a) A section X ∈ Γ(T E\{0}) is called a Cartan symmetry of the
Lagrangian L, if LXωL = 0 and LXEL = 0.
b) A function f ∈ C∞(E) is a constant of motion (or a conservation law) for the
Lagrangian L if S(f) = 0
Proposition 17. The canonical semispray induced by the regular Lagrangian L is
a Cartan symmetry.
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Proof. Using the relation iSωL = −dEEL and the skew symmetry of the sym-
plectic 2-section ωL we obtain
0 = iSωL(S) = −d
EEL(S) = −S(EL) = −LSEL.
Also, from dEωL = 0 we get
LSωL = d
EiSωL + iSd
EωL = −d
E(dEEL) = 0,
and it results that the semispray S is a Cartan symmetry. ⊓⊔
Proposition 18. A Cartan symmetry X of the Lagrangian L is a dynamical sym-
metry for the canonical semispray S.
Proof. From the symplectic equation iSωL = −d
EEL, applying the Lie deriva-
tive in both sides, we obtain
LX(iSωL) = −LXd
EEL = −d
ELXEL = 0.
Also, using the formula i[X,Y ]TE = LX ◦ iY − iY ◦ LX it results
LX(iSωL) = −i[S,X]TEωL + iSLXωL = −i[S,X]TEωL
which yields
(30) i[S,X]TEωL = 0.
But ωL is a symplectic 2-section and we conclude that [S, X ]TE = 0, so X is a
dynamical symmetry. ⊓⊔
Since Lie and exterior derivatives commute, we obtain
dELXθL = LXd
EθL = LXωL = 0,
It results that, for a Cartan symmetry, the 1-section LXθL is a closed 1-section.
Definition 10. A Cartan symmetry X is said to be an exact Cartan symmetry if
the 1-section LXθL is exact.
The next result proves that there is a one to one correspondence between exact
Cartan symmetries and conservation laws. Also, if X is an exact Cartan symmetry,
then there is a function f ∈ C∞(E) such that LXθL = d
Ef .
Proposition 19. If X is an exact Cartan symmetry, then f − θL(X) is a conser-
vation law for the Lagrangian L. Conversely, if f ∈ C∞(E) is a conservation law
for L, then X ∈ Γ(T E\{0}) the unique solution of the equation iXωL = −dEf is
an exact Cartan symmetry.
Proof. We have S(f−θL(X)) = dE(f−θL(X))(S) =
(
LXθL − dEiX(θL)
)
(S) =
iXd
EθL(S) = iXωL(S) = −iSωL(X) = dEEL(X) = 0, and it results that f−θL(X)
is a conservation law for the dynamics associated to the regular Lagrangian L.
Conversely, if X is the solution of the equation iXωL = −dEf then LXθL = iXωL
is an exact 1-section. Consequently, 0 = dELXθL = LXdEθL = LXωL. Also, f is
a conservation law, and we have 0 = S(f) = dEf(S) = −iXωL(S) = iSωL(X) =
−dEEL(X) = −X(EL). Therefore, we obtain LXEL = 0 and X is an exact Cartan
symmetry. ⊓⊔
We have to mention that the Noether type theorems for Lagrangian systems on
Lie algebroids are studied in [8, 31] and Jacobi sections for second order differential
equations on Lie algebroids are investigated in [9].
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4.1. Example. Next, we consider an example from optimal control theory and
prove that the framework of Lie algebroids is more useful that the tangent bundle
in order to calculate some symmetries of the dynamics induced by a Lagrangian
function. Let us consider the following distributional system in R3 (driftless control
affine system) [37]:  x˙
1 = u1 + u2x1
x˙2 = u2x2
x˙3 = u2
Let x0 and x1 be two points in R
3. An optimal control problem consists of finding
the trajectories of our control system which connect x0 and x1 and minimizing the
Lagrangian
min
∫ T
0
L(u(t))dt, L(u) =
1
2
(
(u1)2 + (u2)2
)
, x(0) = x0, x(T ) = x1,
where x˙i = dx
i
dt
and u1, u2 are control variables. From the system of differential
equations we obtain u2 = x˙3, u1 = x˙1 − x˙3x1. The Lagrangian function on the
tangent bundle TR3 has the form
L =
1
2
(
x˙1 − x˙3x1)2 + (x˙3)2
)
,
with the constraint
x˙2 = x˙3x2.
Then, using the Lagrange multiplier λ = λ(t), we obtain the total Lagrangian
(including the constraints) given by
L(x, x˙) = L(x, x˙) + λ
(
x˙2 − x˙3x2
)
=
1
2
(
(x˙1 − x˙3x1)2 + (x˙3)2
)
+ λ
(
x˙2 − x˙3x2
)
.
We observe that the Hessian matrix of L is singular, and L is a degenerate La-
grangian (not regular). The corresponding Euler-Lagrange equations lead to a
complicated system of second order differential equations. Moreover, because the
Lagrangian is not regular, we cannot obtain the explicit coefficients of the semis-
pray S from the equation iSωL = −dEL and it is difficult to study the symmetries
of SODE in this case.
For this reason, we will use a different approach, considering the framework of Lie
algebroids. The system can be written in the next form
x˙ = u1X1 + u
2X2, x =
 x1x2
x3
 ∈ R3, X1 =
 10
0
 , X2 =
 x1x2
1
 .
The associated distribution ∆ = span{X1, X2} has the constant rank 2 and is
holonomic, because
X1 =
∂
∂x1
, X2 = x
1 ∂
∂x1
+ x2
∂
∂x2
+
∂
∂x3
, [X1, X2] = X1.
From the Frobenius theorem, the distribution ∆ is integrable, it determines a foli-
ation on TR3 and two points can be joined by a optimal trajectory if and only if
they are situated on the same leaf (see [37]). In order to apply the theory of Lie
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algebroids, we consider the Lie algebroid being just the distribution, E = ∆ and
the anchor σ : E → TR3 is the inclusion, with the components
σiα =
 1 x10 x2
0 1
 .
From the relation
[Xα, Xβ] = L
γ
αβXγ , α, β, γ = 1, 2,
we obtain the non-zero structure functions
L112 = 1, L
1
21 = −1.
The components of the semispray from (9) are given by
S1 = −u1u2, S2 = (u1)2.
The functions Sα are homogeneous of degree 2 in u and it results that S is a spray.
By straightforward computation we obtain the expression of the canonical spray
induced by L
S(x, u) = (u1 + u2x1)
∂
∂x1
+ u2x2
∂
∂x2
+ u2
∂
∂x3
− u1u2
∂
∂u1
+ (u1)2
∂
∂u2
.
From the Proposition 17 it results that S(x, u) is a Cartan symmetry of the dy-
namics associated to the regular Lagrangian L on Lie algebroids.
The coefficients of the canonical nonlinear connection N = −LSJ are given by
N 11 = u
2, N 12 = 0, N
2
1 = u
1, N 22 = 0,
and the components of the Jacobi endomorphism from (21) have the form
R11 = −(u
2)2, R21 = −u
1u2, R12 = u
1u2, R22 = (u
1)2.
Also, the non-zero coefficients of the curvature from (11) of N are
R112 = u
2, R212 = u
1, R121 = −u
2, R221 = −u
1,
and we obtain that the Jacobi endomorphism is the contraction with S of the
curvature of N , or locally Rαβ = R
α
εβu
ε.
The Euler-Lagrange equations on Lie algebroids given by (see [45])
dxi
dt
= σiαu
α,
d
dt
(
∂L
∂uα
)
= σiα
∂L
∂xi
− Lεαβu
β ∂L
∂uε
,
lead to the following differential equations
u˙1 = −u1u2, u˙2 = (u1)2,
which can be written in the form
dxi
dt
= σiαu
α,
duα
dt
= Sα(x, u),
and give the integral curves of S. The Cartan 1-section θL has the form
θL = u
1dx1 + u2(x1dx1 + x2dx2 + dx3),
and the symplectic structure is ωL = d
EθL. The energy of Lagragian L is
EL =
1
2
(
(u1)2 + (u2)2
)
.
For the optimal solution of the control system (using the framework of Lie alge-
broids) see [37].
SYMMETRIES OF SECOND ORDER DIFFERENTIAL EQUATIONS ON LIE ALGEBROIDS19
Conclusions. The main purpose of this paper is to study the symmetries of SODE
on Lie algebroids and relations between them, using the dynamical covariant deriv-
ative and Jacobi endomorphism. The existence of a semispray S together with an
arbitrary nonlinear connection N define a dynamical covariant derivative and the
Jacobi endomorphism. Let us remark that at this point we do not have any rela-
tion between S and the nonlinear connection N . This will be given considering the
compatibility condition between the dynamical covariant derivative and the tan-
gent structure, ∇J = 0, which fix the canonical nonlinear connection N = −LSJ .
This canonical nonlinear connection depends only on semispray. In this case we
have the decomposition ∇ = LS + F + J − Φ which can be compared with the
tangent case from [6, 30]. Also, in the case of homogeneous SODE (spray), the
dynamical covariant derivative coincides with Berwald linear connection and the
Jacobi endomorphism is the contraction with S of the curvature of the nonlinear
connection. We study the dynamical symmetry, Lie symmetry, Newtonoid section
and Cartan symmetry on Lie algebroids and find their invariant equations with the
help of dynamical covariant derivative and Jacobi endomorphism. Finally, we give
an example from optimal control theory which proves that the framework of Lie
algebroids is more useful than the tangent bundle in order to find the symmetries
of the dynamics induced by a Lagrangian function. For further developments one
can study the symmetries using the k-symplectic formalism on Lie algebroids given
in [25].
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